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o<, =V (velocity)

ok =a (acceleration)

s o1 69 e g Akl

Sl

Slel> = AX (displacement)
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V=

(X+AX)—X_A X
t+A t—t At

LA
N

: (Instantaneous Velocity) ¢l alazd ce g

- AX dXx

T At—>0 AU dt

: (Average Velocity) lawgio < pw

X

Slope = average velocity
between times b and t

Slope = average velocity
between times £, and £,

Slope of tangent

line = instantaneous
velocity at time ts

g—
V

=Y

=Y

t
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t(s) x (m) v=10.0m/s
0 0
0.25 9.85 L
0.50 17.2 e
al 0.75 22.3
D 1.00 5.6 E 20 v,, =121 m/s
=
1.25 27.4 g 15
1.50 28.1 = v, =13.7m/s
1.75 28.0 £ 10
2.00 27.4
5
30 ¢l abd Ce o Ao 0 0.5 1 15 > 25 3
t — 1 (S) Time, £ (s)

t(s) t(s) At(s) x.(m) x{(m) Ax(m) v,,(m) = Ax/At(mls)
0 2.00 2.00 0 27.4 27.4 137
0.250 175 1.50 9.85 28.0 18.2 12.1
0.500 1.50 1.00 172 28.1 10.9 10.9
0.750 1.25 0.50 223 27.4 5.10 10.2
0.900 1.10 0.20 24.5 26.5 2.00 10.0
0.950 1.05 0.10 251 26.1 1.00 10.0
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Average velocity (O to 4 sec.) =
(-2 m)/(4s) =-0.5m/s

Position, x (m)
N

J—

v gio (gud O

Average speed (0 to 4 sec.) =

Time, t (s)

(8 m)/(4s)=2mls 2

GO = Cal g ylado v(t) = ‘5(t)|
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=_AV _ (V +AV )V )| . (average Acceleration) Lwsio b
T=A T et | OV g

: (Instantaneous Acceleration) ¢l abaxd UL

1 AV dv
a=Im At = dt
_OX_y L—dv_dX_,—<
Vot T 4T dt T dee
_dx _dx
v—ddt :>dt;V !
o v VOV vdv =adx
dt i dx/v  dx N
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Slope of tangent line =
instantaneous acceleration at ty

Slope = average acceleration
between times ¢, and ¢,

- Slope = average acceleration
| between times ¢, and {,
|
|
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ol Ol b bl podinnso €5 4> Y

(Uniform Rectilinear Motion)

Cf g b poiinn das Olaciol jo (g0l (g abdi S5 > £93 (w0l 5o

¢ - ‘ ) : 9 o « * 00‘.’ )a 9 w’ow @ - P ..wbb‘.

a=0 = V=CONS. = X=X +Wi
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24l Gl b Ll e 8 5
(Uniformly Accelerated Rectilinear Motion)

Ol b pudiono oz ool jo golo g abali &5 3o g9 (ol 5o

dv
a= dt — adt=dv = jadt jdv
at =v —V, = v:v0+at
T X {
v=% = [vdt=[dx = x—x,=[(v,+at)dt

0

_ 1,442
X —XO—|—VOt +§at
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Ol &b L ol ahdi ¢S5 >

a=T@{) byl el obu,s-1

_@ i t _V
a=% = t(Hdt=dv = gf(t)dt_\{dv

= v=g(

dX _ tvdt = [dx=(a(t)d
v=g(t), V= & (j)vt —){) x—gg(t) t

= X =h(t)
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a=T(X) byl sl ol ,51-2

adx =vdv = f(x)dx =vdv
= [fdx = [udv = J2-v2) = v=g(x)
*o Vo

_dx dx X dx !
XE = it A —(dt
“dt =9%) g(x) xfog(X) ({

= t=h(X) = x=I(t)
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a=T(V) il cemwab ols ,51-3

t
= [dit

d Vv
a=3=1(v) = =dt= | f(\\//)_o

f (V)

— t=g{) = v=h)

vdv —adx = vdv =f {)dx = [ YAV —dx
— x:l(v)
v=ht)=0% o = [h)dt=fdx = x=k()
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(Ol g kg cCarBgo (B purtio o bLI 1 -4

azﬁ —> dv=adt
dt
v, t2 tz
|dv=[adt :>V2_V1:rf adt
V1 tj_
v=9% . dx=vdt
dt
X2 to to
| dx= [ vdt = x2—x1=j vdt
X1 L L5}
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(Graphical Solution)  coww ¥ (9,

x=6t% 3

v =12t — 3t*

v{m/s)
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x(m)

X = 6t° —t°

V=" =12t—3t2
dt
2
a=_9X_4o_g
dt (2

at t:Os:>x=O,v=0,a=12r%2

_ _ _ _1om —om
at t=2s=x=16m ,v_vmax_lzé ,a_OA2

at t=4s=x=x_, =32m, v=0, a=—12r%2

_ N _ _2aM _o4M
e at t=6s=x=0,v= 364,8—2442
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(Graphical Solution) olll 9 Ce yw xS0 sy LSl
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77 — ) = a ds
(o1 — g

)

area under
a-s graph
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1
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id = ¥ e

acceleration = velocity times

Dynamics 96-97-2

slope of
v—s graph
&
/H_H_____..--"‘ I
£
A=t (A5
)
|
I
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dv
a=V—
dx
= AB tan @
= BC = subnormal to v-x curve
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0<t <20 by Sow o ,0 X-U,VAT gloionio Jlogas ol Gollas s
12 (S) b ous ‘.sja Cdlua t=12.(8) 0" golo dlogiiux8go g e s oad g

Xo =0 |v,=—-18m/s
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¥
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a:‘;—‘t’ —dv —adt = Vj dv _jadt —jadt
0

Vo= o k2 — = ORI 6 Sel S
V,,=V,+6(6)=—6+36=30 m/s
V,,=V,,+2(=5)=30-10= 20 m/s
V,,=V,,+8(—5)=—-20 m/s

- d I
d)t( — dx =vdt :>jdx— jvdt
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X4 =Xo-+ vt -0-1(8+6)(4)=—48m
0

4 1 -
x5_x4+2(6)(—1)_—51 m

x10=x5+1(30)(5):24 m

X, = X, +1(30+20)(2) 74 m
- 1 _
X o= x12+2(20)(4)_ 114 m

_ 1 _
xzo_x16+2(4)(—20)_74 m
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@ t=12 (SEC.): o b cudluwo = 74+51451 = 176 m
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9 AX ,loga puww i Cnngllae V-X Lloged a5 a>g5 b : JUo

Xo =0 x=400 (ft) coxdso @ yoww; slp Y ol
2 (ft/s)
0<x <200 =v =0.2x +10 7
’ 2J=0...s+l[t))=50
a=v g;ﬁ —(0.2x +10)(0.2)
10
200 400 S
dX dx t 200 dx
=gt = 9=y 21U oo
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g =004z + 2
N
10
2 a=0 "
| 5 (ft)
200 400
200<x <400=v =50
a=v IV _50(0)=0
dx
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t 200 dX
0<x <200 = jdt: | 0.2 +10

0 0

t=012\Ln(o.2x+10)\§°°=5[Ln(40+10)—Ln(10)]
— t=8.05(s)
t 400 400
dtzd—x — [dt=| % — t-8.05=|"
v 805 200 30|,
= t =12 .05 (S)
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(Relative Motion) o &8 p>

P L T e g < B UURS VLR UL LSRRI
2 5lid X g Xa b

0 A B
O {I

0 > :
4 Xp= B ahi glho cosdge

AT BA T RN ]
Xa= A abii glho Cuxdgo

XB >

XB :XA+XB/A
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d _d _ad

dt ¥B/A) =g XB) =g Xa)
VB/A =Vy =V, P A & Cowd B abal s Cs g
Vg :VA_I_VB/A : B @lho ey

d _d d
dt(VB/A)_dt(VB)_dt(VA)

aB/A=aB_aA A & s B alails oo ol
dg =adp +ap/A : B @l ol
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(Dependent Motion) ol bl auslg o5 >

Copmdg 4 (K (53l bl S &5y Capmidg 45 (alSi
dwslg |y &Sy Sl cpl 50 0,0 (Ko & o g0bo bl

—
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S s O yguay Soilodopw ulgy oy doay alunly O 4> 0

050 )50 &1, a2z (o
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\J

Job o9 <ol 4y az g b

(Xpy-Cy )+ Cy+ (Xg-Cy) +C, + (Xg-Cc) =C

Xot+2Xg=C , V,+2vp=0, a,+2a5=0
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N

Job oog ol 4y azgi L

L = el

Xy+2Xg =C
V,+2vg =0
a,+2a, =0
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X+ Xy + Xg+ Xg + X =C

2X,+2Xg+ X, =C

2V, +2Vg+V. =0

2a,+2a;+a. =0
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Sy +Sg +h+s, =c

4
2Sg +5, =C
Vg +Vv, =0
2a, +a, =0

&g

|

i :i
{}
i
iy
B

T
]
Datum
| R

Datum LSA —
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¥
™\ Datum SA-I_h-l_z(h_SB)=C
T S,—2S;=C
I | Vy,—2Vy =0
a,—2a,=0
! )1
Datum ﬁ/‘ll"“-‘ﬁl A 2VB=VA
Datum-!-—ﬂﬂal 2aB = aA
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Datum

Datum
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Lo olb Job (09 <ol @ 429 L

N
VV

(Xa =Xp) +(Xg —=%p) =C,
X, + Xz —2X5 =C,

Xp + X =C,

V,+Vg—2vVp, =0, vy +Vv. =0

a,+a;—2a,=0, a,+a. =0
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N

Canglle (KX Sz 50 5 Cult) Vp =18 T/ 51 Jlis

S D alas e s (o

BalwbA dle,w(z
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J>
A EL‘D B
’{ Xp
> xD
. xA
3Xg —2Xa =C; =| VA =15vg =15(18) = 2Im /s
3VB—2VA:O :>VA: 27m/3 —

(Xg-Xa) + Xp-Xa) =C , Xg +Xp -2Xp=Cy
Vg +Vp -2Vp =0

18 +vp -2(27) =0 = vp =36m/s —
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Iy (9

N

. D"
] | A

ﬁ*i xB
N
,| xD

(Xg-Xp) + Xg = C3
2XB - XD = C3

Ng -Vp =0 = Vp = 2Vg =36 m/s —
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ag = 300mm/s° — (cons.)

Va =7, Ve =7 1t=225abd
Xp
§ - >
\ =P
AN
N : Sl
§ Lo 777777 77
N B Ze A )
N T O
/77 7777 7777 7 /77 /77
C, -

Dynamics 96-97-2

KINEMATICS OF PARTICLES

47



dc =axtaga =[ax ]+ [aga T]
=lacx =] + [aey T]

Ve = VotV A=V, =] + [Vea T ]

=[Vex =1+ [Vey T ]

Xg +(Xg —X,)+2(C,—X,)=C
(2X, —3X, =C

= q2v;—3v, =0
2a;—3a, =0
= a, = 200 mm/s* —
= V,(t=2)= a, t=200(2) =400 mm/s —

ag = 300
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2(C, —Xp)+Yc =C
(Yo —2X, =C
— N, =0
a., —2a, =0

:><VCY

.

= a., =400 mm/s* T =a,,

= V., =400(2) mm/s T =v_,

[/

ycT

A

C

I

(o

77 7777 7777 7 7777 7777

¢

= V. = [400 mm/s —] + [800 mm/s T]
= V.= 400\/§ =894 mm/s _~634
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L= b

L:XA+\/d2+Xé +XB

L=cons. = L=O :>|:=O

L:o:XA+%(d2+x%)_§(2xB)XB+XB=O

VA +VB

|::0 :>XA—|—

\/ +d2

1|=0

1
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N
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_)
_ 3 2
VB—[VA—>]+ VB/A = V \ﬁ/A—l_VB/A

L=d+y=cons. = L=d+y=0

31=|Vg, o=l d=h2+x? = d2=h?4x®= 24d =0+2xk

5 .X
d=X3=Vg/A

N2 2 2 1.2
/ 2X°+h

V =1/ X +d2 >'<2+ xxj =X 1+(Xj =V \/
R (d \" d A\ X2 +h?
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T T
B 2“09& J? O‘)

V8= VatVg/aA

v !

VB:[VA_)]J{VB/A }

L=d+y=cons. = L:\/h2+x2+y:c

05
L=d+y=0 = %[\/thrxzj (2XX)+y:0

= VA‘ ’ M:‘VB/A‘
X X XV,

915 VX2 +h? i VX% +h?
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(curvilinear Motion) el S S o

Lo )‘ )—A—C L (T L sl o Ao g_i_’ 59 6QL° alaias g_i_, @_99
Qtﬁf'ﬁd‘)-?"))b Ja?J‘Gmouf)} (_gOLoc\.chs.;coA.iLo.; g’;S)}
9 3900 il 1, 0l Slaises olfiws wb P akiss SColacw consyg

RUSSIRNL VN PURCTONCE JRE UEDDUNTIRN JEX JURpIE

6‘4\.&&6&,&
_ Ar _ dr
I AL’[IL>nOAt dt o
— v =dr y_ds Z/
dt ’ dt
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@ @) - O = - By

:>v*:v*t €f = S ey ilos 0y o
9o < At
i Yi = 2=
i ols  c d=LimAV = dV_ d°r

At—)OAt i dt_ dt2

dt
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N

X
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N

Ay = AV/At =V —V'/At

a=—=—
dt  dt?

_dv_d°r

Jgaﬂ%bwwde‘ig&

Hodograph

.C/.c).w‘sb)‘oﬁ
o 3 (wlow dlioiod Ce pw Hlo
d‘;g&‘w)au»hmuwgw
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Plu + Au)

AP

z

Plu)

y.

Dynamics 96-97-2

- Let P(u) be a vector function of scalar variable u,
P . AP . P(u+Au)-P

5 lim £ 4 lim )

du Au—>0AU  Au—0 Au

« Derivative of vector sum,

d(F+Q)_dP dG

du du du

» Derivative of product of scalar and vector functions,

d(fP)_df 5 . dP
du du du

 Derivative of scalar product and vector product,

d(PeQ)_dp 5+pe9Q
du u u
d(PxQ)_ 4P 54 pxdQ
du du u
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Ol g Ce pw dolato s> addgo

(Rectangular Cartisian Components)

F=r(t)=xi +Vj+zk

X=xtQy W z(kt=

r=xi+yj+zk

V—i—g(xhyjjtzﬁ) S
dt dt x// J 5 .
:%i\‘kﬂj‘kﬁk\ Position
dt dt dt

=X+ yJ+2K  v= V2 vV

=Vl +V, J+V,kK
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d\_i d Ia\ A n _/\

d=—=—(V.1+V J+VK V=i o+ ok
dt dt(x i1 #VK) y

v dv, . L dv,
d t d t d t Velocity

X)
=

=V 1 +Vyj+VZk

= Xi + Vj + 7k A

a=ad+ayj+ak

Y

a:\/af+aj+az2

Acceleration
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N
\J

X=X, +(v,),t

Dynamics 96-97-2

y -y, = t Lo~
y-axis °
v, =(v,), — ot tan &d)(x —x,)— X —X
y =), —9 (tan 6)( O)ZVCOS (X =X,)°
1
y = yo+(vy)ot_§ gtz
2 2
Vy :(Vy)o_zg(y_yo)
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<5 ; ™
4 [ i
. X
- R — —;
V,, =VpC0s0 , Vv, =V;sinb

X=(v,cos0)t |,

y =(V,sin0)t —%gt2

Xo=0

—

Yo=0

2

: : X (9 X
y—(vo sm@)(vo cos@j (2) [vo cos@]
2
y =(xtan8)— %
2VO

}(1+tan2 0)
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g
N v 4 *
0 /// \\\
/4 h \ 2 AaTA2
/ \ Vo sin© @
\\ h p—
0 \ 2
0 A g
- R -
4
f/_\>//-_-\->'/,—-—_‘\\\
/ \ /,/ \'\ ~
_.-"Ir ff Vs \ \\.
;7 e \ N
;7 7\ \ N
s 0 N LN
A 4 "x \
ff /7 \ \ N
1/, (@) (®) \(©)
/ /I 7 \ \ N
1! / \ \ \
f;f \ \ “
ff ‘:.1 \ “
\ \
x
@,
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N

The range Is a maximum when 6 = 45°:

19

12.5

10

7.5

Height, y (m)

i
&)}
T

0 = 60°

10 20 30 40
Distance, x (m)
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y (m)

15l e @L’)J 545)? BT C))LOJ
125 F /t// \\\\
10 - e >
/, Same y and |v| \
75 \
AN
5 - 5 e A}
Same y and |v|
251,
i 1 ! 1 1 1 L x (I'['l:l
@) 10 15 20 25 30 35
y ~
T = Vg, 1 R Range
P Impact point
v,
Ilyj} ﬂ{}xg

Dynamics 96-97-2

=
--Y_
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(Relative Motion)

rA:A l e ) “3_4
'g =1+ Igp

Vg = Vp T Vg
dg = dp T dpp

9 . ‘ &:&lj XY Ql o :‘ ols’" S e ’..s~
Coll Wlaizro olwo b ilgo 9 5 pxie XTY! Wladize olKiws
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A 4 i B Al i e

d 4. d S
at 'B/a) = atB) gt "a) = Ve/a=VB Va

A & i B b s ol

=a,, —a

) = ag p =95 8,

d « _dg Vo d
atVe/a) = at V) atVa
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VA:6ft/S(— ; VB:8ft/S’\ (dounds 9y (P ﬁK&QVS/B)

Vs/8= Vs VB

L
5;!'
INERE & | @
VS — VSX +VSy %
B
:[VA(_J +{Vsy \L} 15° N g/_

Vgy = J29(5) =2(32.2)(5) =17.94 ft/s{
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V.= [6«]+[17.944] 150

vV, =18.92 ft/s ./

_ 22 U
Ve /B—\/VB +VZ2—2V,V5C0s(86.5) = 20.01 ft/s

Sin(a)° _ Sin(15+71.5)° i 5
1892 ~ 2001 == 1
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=S o Jb 50 (e G 480 MM/, 2ol ol LA Sol :Jlie

2 A Ssh 69, b 4) 120 MLl s Slis b B Sl 5.

B AN (O S R e e i
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1 | (Radius of Curvature) : p = Suwes &lais
p(s) = ——

K(s)
y=Tf(x) / ;
3/2
p(x) = [1 _ (dy/dx)z] 3f py = 0231
d2y/dx?|
%l )03,=‘6:70
x=X(t) , x:(:; //
y=y@) . y=" w U 1 B
3/2 - p1 = 0.450
p= (X +¥)
A
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WMoao = M- ad” =1
2
d =
— % =1 d_et -
dg M

de _(de\(doy(ds) , (1),
dt do )l ds )l dt | n Yo, (S ose glad = p
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Alternative Proof

Path

A
YA
\
C 1\ t
: \ ’
| /6}
N £
/ ‘\‘\ I A%
A
O X

Ol ;500 g

Using x-y coordinate:
e =—(sind) i +(cos@) |

§ =(cos@)i +(sind)

C(I% =(-0sin@)i +(fcosb) j
=9{(-sin@)i +(cosh) j }

%€ _gs| |%o__ge

dt dt
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= V

Vg —/(20.8)2+(11.1)2—2(20.8)(11.1)Cos30
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sinf3

:SinBO o IB: 26.4°
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(aB )t =—0.9
V?_11.12_ 2
(aB)n = 7150 = 0.8m/s .
= ag =1.2m [s2 | @=12.40
a, 5 =\ (1.5)2+(1.2)2-2(1.5)(1.2)Co05167.6
= 2.70 m/s2
siny _sinl67.6 _, 7=5.6°
1.2 2l
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tan @ = — .
dx _‘s‘f=().5.vc2 g—y:x’ )‘3):“01 “"'c)"*"l"gs"‘&"“’)s"
0 = tan*(x) gt y99xo 3o w0 0.1 ol F45 b g 4l
CS 3> & £9 i Jilio yno (59 4l
30 Gl g Gy G gllae . uisG
____,,s/ > S g Eg4u0 3l 4l S 4lo
6.25 =
| | X V=a 201 m/S2
A |x =3.184 t

aT:gt(vt):O.l(const.) v=V,=1+(0.1)t |V|_=1.5 m/s

t=5 (X=?) (Candgo 53,5 low)

d 0.1
vt:a(s):1+0.1t s:t+(7)t2 S|_.=6.25m

v \2 X, =3.184
dsz\/(dx)2+(dy)2 :\/1+(YJ dX ..........................................................
dx : t=5 =5, =625 =X =3.184
S ='[x/1+x2dx :%(x VI+X% +In(x +41+x2)) +(% 0], =tan"(3.184)
s=0,x=0 0
| =72.56
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a, = %(vt) = 0.1 (const.)

v, =1+ (0.1)t

V=V, =15 m/s

0| =72.56°

d j } :(1+x2)g

Pl = (1+3.184%)2

1.5

" 37.171

—0.061 m/s?
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Radial & Transverse components (Polar Coordinates)
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